On the existence of a global weak solution for the problem of sedimentation with compression  by Bustos, M.C
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 142, 413421 (1989) 
On the Existence of a Global Weak Solution 
for the Problem of 
Sedimentation with Compression 
M. C. BUSTOS 
Departamenlo de Maiematica, Universidad de Concepcidn, Chile 
Submitted by R. P. Boas 
Received December 2, 1985 
We prove the existence of a global weak solution for a system of two conserva- 
tion laws that describe the sedimentation under gravity of solid particles in a fluid. 
The proof consists in establishing the convergence of the approximate solution 
obtained by the Glimm method. 0 1989 Academic Press, Inc. 
1. INTRODUCTION 
The sedimentation or settling of a substance in the form of solid particles 
through a fluid plays an important role in many engineering processes. In 
1952, Kynch [S] developed the first mathematical model for batch 
sedimentation which generally applies well to the sedimentation of incom- 
pressible materials such as glass beads. However, for line and flocculated 
materials, Kynch’s theory is not suitable, since in this type of suspension 
the particles keep a certain quantity of water that is expelled from the 
sedimenting material by means of compression. Concha and Bustos [3] 
generalized the theory of Kynch and presented a mathematical model for 
the sedimentation of flocculated material. This model consists of a system 
of two first order, quasilinear hyperbolic equations in the form of conserva- 
tion laws. 
In this paper we examine such a system. In particular we establish the 
existence of a global weak solution which is constructed by using the 
method of Glimm [4]. Following Nishida and Smoller [ 10, 111 we show 
that the approximate solution obtained by means of the Glimm scheme 
converges to the global weak solution. As is well known, the convergence 
proof in those papers hinges on an a priori estimate of the difference of the 
Riemann invariants across two shocks. Nishida and Smoller prove the 
existence of a global weak solution for a system of conservation laws that 
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describe the one-dimensional motion of an isothermal gas in lagrangian 
coordinates in the absence of dissipative effects. It is the purpose of this 
paper to show that the existence proof of Nishida and Smoller applies 
equally well to the problem of sedimentation with compression. Specili- 
tally, we obtain appropriate bounds for the difference of the Riemann 
invariants across two shocks. Our main result is stated in Section 4. 
2. THE MATHEMATICAL MODEL 
We begin with the equation of continuity and the equation of balance of 
linear momentum. In the terminology used in sedimentation theory, these 
equations are of the form [3] 
(1) 
(2) 
in Sz = ((z, ?) JO < z, 0 < t}. Here d, is the volumetric fraction of the solid 
and f, its volumetric flux density. On physical grounds we require that 
0 < $ < 1 and f < 0. The pressure p depends on 4 generally and guided by 
experiment [ 11, we assume that 
~(4) = a@, (3) 
with bER+. The constant b satisfies certain constraints to be specified 
later. The right hand side of equation (2) is the algebraic sum of the weight 
of the solid per unit volume, the buoyancy, and the hydrodynamic force 
per unit volume m(f, 4). To simplify the problem, we suppose that this 
term is zero. More precisely, we consider now the system 
(4) 
We assume that the system (4) is strictly hyperbolic and genuinely non- 
linear in the sense of Lax [7] in 52. We impose the initial and boundary 
conditions 
4(09 z) = 40(z), f-(09 z)=fo(zh 0 < z, (5) 
“00, t) =f1(t)=O, 0 < t. (6) 
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Here the given functions &,(z), &(z), and fi(t) are assumed to be bounded 
and have bounded total variation. This assumption is really not too restric- 
tive since generally in the physical problem ‘of sedimentation the functions 
d,,(z) and fO(z) are either constants or piecewise continuous with a finite 
number of finite jumps. In addition we assume that there exists a constant 
4 such that 
O~~-Q,(Z)~ 1, 0 < z. (7) 
The characteristic roots 1, and A, of the system (4), also known as 
characteristic speeds, are given by 
For our problem to be well posed we assume that AI < 0 < &. The corre- 
sponding Riemann invariants can be written 
f jvGdy r=-+ 
4 CY ' 
f I'd-b& s=-- - 
6 rY . 
(9) 
It is well known [6] that in general, solutions in the classical sense of 
quasilinear systems such as (4) will become discontinuous after a finite 
time. These solutions, however, can be continued as solutions in a 
generalized sense. By a generalized solution, 4 and f, we mean that 4 and 
f: 52 + R are measurable bounded functions such that the relations 
j" 
R 
jq5$+f g}dzdt+j; &(z) w(z, 0) dz - \om fi(t) ~'(0, t) dt = 0 
and (10) 
hold for ail test functions w  E C3 having compact support in G? 
It is worth mentioning that weak solutions 4 and f satisfy the system (4) 
at all points of continuity [12] and that along each line of discontinuity 
x(t) they satisfy the Rankine-Hugoniot conditions 
44-4+)=f-f+, 
fl(f-f+)=f;+p-f*-p+, 
+ 
where CJ is the speed of the discontinuity and (4, f) and (4,) f,) are two 
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states to the left and to the right of the discontinuity, that is, (4, f) = 
4(x(t) - 0, t), f(x(t) - 0, f) and (4, , f+ I= &x(f) + 0, t), .0x(t) + 0, t). 
We consider only discontinuities which are shocks, discontinuities 
satisfying the Lax shock admissibility criterion [7, 8, 91. Due to the fact 
that in the sedimentation process, the jumps in the variables are very small, 
we need to consider only weak shocks, so that the theory of weak shocks 
developed originally by Lax [7] can be applied. 
3. PROPERTIES OF THE SHOCK CURVES 
In this section, we study the properties of the shock curves which enable 
us to find the bounds on the difference of the Riemann invariants across a 
shock. From Eqs. (9) and (11) we obtain, in the (r, s) plane, the parametric 
equations for the shock curves S, and S, of the first and second charac- 
teristic families, respectively [13]. Throughout the paper, we use the 
notation r+ =r(b+,f+) and s, =s(#+,f+). 
When /I = #/d + > 1, we obtain S,, the shock curve of the first kind, 
r+ 
-r= (P-1) 
C 
ll2 
pe(P-P’) 
--s= (P-+1) 
1 1 q& + , y& 
S+ 
[ 
l/2 
r(P-P’) 
BJbp 
+ 1 1 - , ydy. 
(12) 
The shock curve of the second kind, Sz, with /I < 1, is given by 
y+ -).= (l-P) 
[ 
r(P+-P) 
If2 1 & 
--s= (l-b, 
1 j - @ydyY 
(13) S+ 
[ 
r(P+-PI + 1 j li2+ ‘Ji;;;, By . 
In what follows, we consider only the S, curve; a similar treatment can be 
made for the Sz curve. 
Equation (12) defines implicitly s + - s as a function ~1, of r + - r: 
S+ -s=a,(r+-r,(,)=f~‘-r~(8( -“>>h 
a 
r<r+. (14) 
Here 
86. -s) 
g(B)= aS 
i 
a(r+ -r) 
ab 
(15) 
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and 
(16) 
In the following lemma, we prove that g is non-negative, bounded, and 
monotonically increasing. 
LEMMA 1. Let E = x/a; then the function g defined by (15) satisfies 
0 <g(p) -C 1 and 0 < dg/dfl + dfi/dE, provided that b > b0 = max[2, $-‘I. 
Proof: From the definition (15) and Eqs. (12), we see that 
Consequently, 
(1 -Al)* 
owl=(l +M)249 (17) 
where M is defined by 
M= (b+bpS(P-1) I’* 1 P-P+ . 
Differentiating (16) with respect to /I, we obtain 
h’(P) = (M+ ‘)* 284+ [r~~~$J’2~~~ for k-1. (18) 
Then it follows from (17) and (18) that 
- 
40) db’ 4(M- 1) 4: & -.-= 
dP de W+W (P-P+)* 
C(P-P+)(U- 1)-p+~+bI-%B- 1)1- 
(19) 
The expression in parentheses on the right hand side is positive since 
p-p+ =p+(eb)+(8p’)- l)>p+b#+(fl-- l), 
and 
(p-P+)(V-l)-p+~+bB(P-1)>(B-1)*p+b~+(B-1)>0. 
It remains now to show that M> 1. Indeed, if fl> 2, then 
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M>(~+b(~-1))1’2>1 since#+b>&>l forb,E[#,l]. Moreover,for 
BE Cl, 21, the function p(/I- l)/(p->+) is increasing and has the value 
exp(bd+)> 1 at tl= 1. 
4. ESTIMATES FOR RIEMANN INVARIANTS 
In this section we derive an estimate of the difference of the Riemann 
invariants across two shock waves. This estimate is needed in order to 
apply the existence theorem of Nishida and Smaller [lo, 111. To simplify 
the presentation, let us first consider two points P,(r+ , s) and P(r+ , s+) in 
the (r, s) plane. Let (di, fi) and (4 + , f+ ) denote the coordinates of the 
points Pi and P respectively in the (4, f) plane. From the definition (9) of 
the Riemann invariants, it follows immediately that 
(20) 
This implies that if si > s,, then 4, > 4,. 
We are now in a position to establish our main result. 
THEOREM 2. Let b> b,=max[2,4-‘1. Suppose that two S, curves 
originating at the points P,(r+, sl) and P(r+, s+), are continued to the 
points P;(r, s2) and P’(r, s), respectively, with s1 > s, and s2 > s. Then we 
have 
O<s+ -s-(s,-s2)<:(sI-s+)(r+ -r), 
where C is a constant independent of b and 4,) q5, E [d, 11. 
Proof From Eq. (14) we obtain that 
for 0 E (XI&~ x/K). Th e non-negative integrant of (20), together with 
Eq. (19), yields 
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4(M-1) (28-l) --- 
(~+~)3’(~-1)&?+ 
w- 1) 
uw&Pd+. 
(22) 
From assumptions that b > 2 and /? > 1, we conclude that 
,2=g+bpB(B- ‘I>4 
+ 
b(fi-1) 
3 
P-P+ 
which implies that 
28-l PW-1) 1 
(/3- l)M”<#+h(/?- l)‘<z’ 
From this inequality, together with Eqs. (21) and (22), we arrive at 
S+ -S-(S,-S2)<4 --- 
( k k J:+-‘&&j. (23) > 
To estimate the integral on the right hand side of (23) we begin with 
Eq. (12). We see that 
[ 
112 
r+ --Y+s+--s=2 $$4P-P,,] 3 B>l. 
+ 
Moreover, for s + > S, we obtain 
r+ - 
r<2 (P-1) 
[ 
amcP-P+)lI:2<2g 
+ 
and 
(24) 
On the other hand, since 0 c x/K and d/?/d6 > 0, we have from Eq. (24) 
that 
(25) 
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Substituting (25) into (23) and making use of (19) we finally obtain the 
estimate 
Here the constant C is defined by 
and it is easy to show that the constant C is uniformely bounded by 43.2. 
This completes the proof of the theorem. 
Once we have found the estimates given in (26) we can apply the 
existence theory of Nishida and Smaller [ll, Theorem 1, p. 255] to the 
present case by replacing C’s by C/b. More precisely, we have the following 
existence theorem. 
THEOREM 3. Let the initial and boundary data q&(z), fo(z), and f,(t) be 
bounded and have bounded total variation. Then for sufficiently large b, the 
initial boundary value problem (4)-(6) has a global weak solution which has 
bounded total variation on each line t = constant > 0. 
Remark. In the physical examples considered in Bustos [2], b is 
required to be bigger than 12.1. 
Proof: See Nishida and Smoller [ 10, 113. 
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